Relating inclusive e+e- annihilation to electroproduction sum rules in
  Quantum Chromodynamics by Crewther, R. J.
ar
X
iv
:h
ep
-p
h/
97
01
32
1v
1 
 1
7 
Ja
n 
19
97
hep-ph/9701321
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The Broadhurst-Kataev conjecture, that the “discrepancy” in the connec-
tion with the π0 → γγ anomaly equals the beta function β(α) times a power
series in the effective coupling α, is proven to all orders of perturbative
quantum chromodynamics. The use of nested short-distance expansions is
justified via Weinberg’s power-counting theorem.
There has been a revival of interest [1–4] in the relation [5]
3S = KR′ (1)
between the anomalous constant S [6, 7] governing π0 → γγ decay, the isovector
part R′ of the cross-section ratio
R = {e+e− → hadrons}/{e+e− → µ+µ−} (2)
at large centre-of-mass energy
√
s/2, and the lowest isovector moment [8] of the
first spin-dependent structure function g1(x,Q
2) for inclusive electroproduction
at large momentum transfer Q:
∫ 1
0
dx gep−en1 (x,Q
2) =
1
6
∣∣∣∣∣
gA
gV
∣∣∣∣∣K(Q2) +O(Q−2) (3)
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The result (1) was derived in a non-perturbative fashion before the advent of
quantum chromodynamics (QCD), with the hadronic energy-momentum tensor
θµν assumed to have a soft trace:
3
dim θµµ < 4 , pre-QCD (4)
Of course, there is a trace anomaly [5, 12] in QCD [13] which violates (4). Nev-
ertheless, the relation (1) remains valid for QCD in leading logarithm approxi-
mation: K → 1 and R′ → Nc/2, where Nc is the number of colours. The choice
Nc = 3 fits the observed value Sexpt ≃ 0.5.
Broadhurst and Kataev [1] tried extending (1) to the leading QCD power, i.e.
to corrections like K(Q2) in (3) and D(Q2) in the Adler function [14]
Q2
∫
∞
4m2
π
dsR(s)/(s+Q2)2 = D(Q2)R(∞) +O(Q−2) (5)
The axial-vector current was required to be flavour non-singlet as in [5], but the
vector currents could be either flavour singlet (F = S) or non-singlet (F = NS).
Products KFDF were tested using existing multi-loop results [15,16] for the F =
S,NS versions of K and D. Here DNS and DS are the factors in (5) produced by
the isovector and baryon currents, KNS is the factor K(Q
2) in the Bjorken sum
rule (3), and KS gives the leading power in the sum rule of Gross and Llewellyn
Smith [17] (but not that of Ellis and Jaffe [18]).
Also considered [1] were the Q-independent corrections K∗ and D∗ due to
subsets of Feynman diagrams in which the gauge coupling g is not renormalized.
Actually, the comparison was with an Abelian calculation [19], but one can imag-
ine a conformal non-Abelian extension obtained by neglecting self energies in an
axial gauge.
Broadhurst and Kataev [1] found, in agreement with early work of Adler,
Callan, Gross and Jackiw [20], that K∗ and D∗ satisfy (1) to the highest order of
calculation available, i.e.
K∗F (αs)D
∗
F (αs) = 1 , F = S,NS (6)
up to terms O(α4s) in αs = g
2/4π. With all diagrams included, K and D become
power series in the effective coupling constant α = α(Q2/µ2, αs) defined by
log(Q2/µ2) =
∫ α
αs
dα′/β(α′) (7)
where µ denotes a suitable renormalization scale. Then Broadhurst and Kataev
found that the relation (1) is violated by a term proportional to β(α),
KF(α)DF(α) = 1 + β(α)× {power series in α}, F = S,NS (8)
again to the O(α4) accuracy of current calculations. They christened the extra
term “the Crewther discrepancy”.
3In effect, conformal invariance was supposed to be softly broken and so valid for leading
powers at short distances. The immediate precursors of [5] were papers by Schreier [9] and
Migdal [10]. Some conformal aspects of [5] were found independently by Ferrara et al. [11].
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Fig. 1: A volume of integration Rǫ in (x, y)
space [23] bounded by a surface Sǫ (dashed
lines); see (10) and (12). Regions ETC where
equal-time commutators may form do not
contribute as ǫ → 0. The anomaly comes
from the x, y → 0 region ANOM.
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Fig. 2: Example of internal coupling con-
stant renormalization for the VVA ampli-
tude. Three-loop contributions to the lead-
ing power Cαβγ in (11) scale with degree −9
in x and y (like the bare triangle) but are not
conformal invariant [20].
In this letter, equations (6) and (8) will be shown to hold to all orders of
perturbation theory. (An independent derivation of (8) by D. Mu¨ller, which I have
not seen, is expected in the near future [21].) The derivation runs along the lines
of [5], except that the pre-QCD assumption (4) is replaced by an analysis based
on renormalized conformal Ward identities [22] and the QCD trace anomaly [13]
θµµ =
β(αs)
αs
F 2 + quark-mass terms (9)
Here F 2 denotes the renormalized square of the gluonic field strength tensor F aµν .
Let Jµ(x) and Jµ5(x) be the electromagnetic current and the isovector axial-
vector current in QCD. As an operator on hadron states, Jµ5 is almost conserved:
its divergence ∂µJµ5 = ∆(x) is proportional to the light-quark masses mu, md. In
any order of perturbation theory, ∆ carries a dynamical dimension of 3 modified
by QCD logarithms. The condition dim∆ < 4 is satisfied, so Wilson’s prescrip-
tion [23] for the anomalous constant S can be adopted without change:4
S =
π2
12
εµναβ
∫∫
Rǫ
d4x d4y xµyνT 〈vac|Jα(x)Jβ(0)∆(y)|vac〉+O(ǫ) (10)
Here Rǫ is the entire eight-dimensional volume, except that narrow regions of
width O(ǫ) containing coincident points xµ = 0, yµ = 0, or xµ = yµ are excluded
(Fig. 1). By definition, S remains independent of ǫ.
Wilson noticed that (10) is the volume integral of an eight-divergence which
can be converted into an integral of the VVA amplitude T 〈JαJβJγ5〉 over the
4Perturbatively, photon channels have no mass gap because of the three-gluon threshold
(for example), but the effect is infra-red finite and hence not a problem. In the pseudoscalar
channel, the light qq¯ pair provides a factor ∼ (mu+md)−1 [24] which cancels the explicit mass
dependence of ∆ and so produces a result for S independent of mu and md.
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short-distance surface Sǫ bounding Rǫ. Only the leading power Cαβγ multiplying
the identity operator I in the expansion
T{Jα(x)Jβ(0)Jγ5(y)} ∼ Cαβγ(x, y)I + . . . , x, y → 0 (11)
can contribute in the limit ǫ→ 0:
S =
π2
12
εµναβ
∫∫
Sǫ
{
d4x dSγy xµ(yνCαβγ − yβCαγν)
+ dSγx d
4y yβ(xαCγµν − xµCαγν)
}
+O(ǫ) (12)
In QCD perturbation theory, Cαβγ consists of:
(a) a lowest-order contribution S∆αβγ(x, y) from the two bare triangle dia-
grams. Schreier [9] showed that the x, y dependence of ∆αβγ is allowed
uniquely by conformal invariance. The resulting integral in (12) was per-
formed as part of the non-perturbative analysis of [5] and produced the
expected answer.
(b) amplitudes which break conformal invariance as a result of internal coupling
constant renormalization. The simplest example is shown in Fig. 2. The
Adler-Bardeen theorem [7,25–27] requires that these amplitudes do not con-
tribute to S, even though some contributions at four loops and beyond are
logarithmically more singular at x, y ∼ 0 than the bare triangle diagrams.
In [5], the asymptotic three-point amplitude Cαβγ was analysed by substituting
an expansion of the form
T{Jα(x)Jβ(0)} = CRαβ(x)I + CK µαβ (x)Jµ5(0) + . . . , xµ → 0 (13)
in T{JαJβJγ5} and then expanding as follows:
T{Jµ5(0)Jγ5(y)} = CR′µγ(y)I + . . . , yµ → 0 (14)
Matching the expansions (11), (13) and (14) gave the constraint
Cαβγ(x, y)→ CK µαβ (x)CR
′
µγ(y) , x≪ y (15)
The superscripts K and R′ label amplitudes related to the Bjorken sum rule (3)
and the isovector part of (2). (The limit y ≪ x, where T{Jβ(0)Jγ5(y)} is expanded
first, produces the connection with the Gross-Llewellyn Smith sum rule [17].)
The technique leading to (15) depends on an interchange of nested short dis-
tance limits ρ1 → 0 and ρ2 → 0 for operator products
T
{∏
i
{Ai(ρ1ρ2xˆi)}B(0)
∏
j
{Cj(ρ2yˆj)}
}
(16)
with xˆi and yˆj held fixed. Unlike most limit interchanges at short-distances, this
always works, in any order of renormalized perturbation theory. The required
uniformity property is contained in Weinberg’s power-counting theorem [28].
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Weinberg introduced a 4N -dimensional vector P to describe the asymptotic
behaviour of Euclidean amplitudes depending on N four-dimensional momenta:
P = L1η1η2 . . . ηm + L2η2 . . . ηm + . . .+ Lmηm +C (17)
Here η1 . . . ηm are large positive parameters corresponding to an arbitrary set of
m independent fixed vectors L1, . . . ,Lm (m ≤ 4N), and C is a bounded vector.
The theorem states that all amplitudes belong to asymptotic classes labelled by
characteristic asymptotic powers (and powers of logarithms [29]) as η1 . . . ηm tend
independently to infinity. In other words, the ηi → ∞ limits are uniform with
respect to each other: they can be carried out in any order.
Evidently
η1 = ρ
−1
1 , η2 = ρ
−1
2 (18)
are special cases of Weinberg’s asymptotic η parameters. For any Green’s function
containing (16) as a sub-product, we can subtract off terms in
T
{∏
i
{Ai(ρ1ρ2xˆi)}B(0)
}
∼∑
m
Cm(ρ1ρ2, {xˆi})O′m(0) , ρ1 → 0 (19)
and
T
{
O′m(0)
∏
j
{Cj(ρ2yˆj)}
}
∼∑
n
Cmn(ρ2, {yˆj})Om(0) , ρ2 → 0 (20)
to remove as many asymptotic powers in ρ1 and ρ2 as we wish, and be sure that,
relative to (16) in Euclidean space, the remainder
RMN = T{
∏
i
AiB
∏
j
Cj} −
M∑
m=1
N∑
n=1
CmnCnOn (21)
will be O(ρ−M1 ρ
−M−N
2 × {logs of ρ1 and ρ2}) as ρ1 and ρ2 tend independently to
0. Therefore the coefficient functions fn in the expansion
∑
n fnOn of (16) for
ρ2 → 0 must obey the rule [5]
fn ∼
∑
n
CmCmn , ρ1 → 0 (22)
The interchange of the limits ρ1 → 0 and ρ2 → 0 to obtain conditions such as
(15) is thus justified. Note that conformal invariance is not assumed — the result
is absolutely general.5
For conformal subsets of graphs, the analysis of [5] is fully applicable, with R′
and K replaced by 1
2
NcD
∗
F(αs) and K
∗
F (αs). Hence equation (6) is valid to all
orders of perturbation theory.
In general, internal coupling constant renormalization breaks conformal invari-
ance in leading powers and causes logarithms of ρ1 and ρ2 to appear. This occurs
first for three-loop diagrams (Fig. 2):
T 〈Jα(ρ1ρ2xˆ)Jβ(0)Jγ5(ρ2yˆ)〉3-loop = O(ρ−92 ρ−31 log ρ1) (23)
5This should have been discussed in 1972. At the time, I tried to find a natural extension
of axiomatic field theory to incorporate Weinberg’s asymptotic classes, but the project proved
to be too ambitious — hence the mysterious reference 10 in [5] which never appeared.
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Effects of this type are controlled by conformal Ward identities [22] in which the
current
Kµν = (2xλxν − δλνx2)θµλ(x) (24)
has a divergence containing the QCD trace anomaly [13]:
∂µKµν = 2xν β(αs)
αs
F 2 + quark-mass terms (25)
Let Dν denote the matrix differential operator which induces an infinitesimal
conformal transformation on a current:
DνJα(x) = 2xν(3 + x · ∂)Jα − x2∂νJα + 2gναx · J − 2xαJν (26)
In order to write down the conformal Ward identity for the VVA amplitude, it is
necessary to have Dν act separately on Jα(x), Jβ(x′) (with x′ temporarily not set
to zero) and Jγ5(y), and then take the sum. The result is a first-order differential
equation in x, x′, y space:
( ∑
currents
Dν
)
T 〈Jα(x)Jβ(x′)Jγ5(y)〉
=
β(αs)
αs
T 〈JαJβJγ5
∫
d4z 2zνF
2(z)〉+ non-leading powers (27)
For the moment, regions in which x, x′, y coincide are excluded.
The solution of (27) consists of a particular integral and a homogeneous part.
Schreier’s work [9] requires the homogeneous part to be proportional to the bare
triangle amplitude ∆αβγ . So, setting x
′ = 0 once more, we find that the leading
power Cαβγ in (11) is given by
Cαβγ = c∆αβγ(x, y) + β(αs)∆αβγ(x, y;αs) (28)
where ∆αβγ is a power series in αs and c is a constant of integration.
Equation (28) can be substituted into the surface integral (12), with the result
S = c+ β(αs)S(αs) (29)
where S is the contribution due to ∆αβγ . This allows us to eliminate c from (28):
Cαβγ = S∆αβγ(x, y) + β(αs){∆αβγ(x, y;αs)− S(αs)∆αβγ(x, y)} (30)
The next step is to substitute the x≪ y constraint (15). This is less straight-
forward than in [5]: unlike (1), the desired result (8) contains momentum depen-
dent amplitudes which include contributions from coincident points x = 0 = y.
At such points, operator product expansions need not be generally valid because
of renormalization ambiguities proportional to δ4 functions and their deriva-
tives [30]. In this case, the problem is solved by making a second use of elec-
tromagnetic gauge invariance (the first being Wilson’s prescription (10)), and
projecting out the Adler function.
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Since Cαβγ , ∆αβγ and ∆αβγ are superficially linearly divergent, they may have
ambiguities linear in momenta, i.e. proportional to (∂x or ∂y)δ
4(x)δ4(y) in coor-
dinate space. As is well known, these ambiguities can be removed by imposing
electromagnetic gauge invariance as renormalization conditions of the form
∂αxCαβγ = 0 = (∂x + ∂y)
βCαβγ (31)
The resulting amplitudes are then defined uniquely for all x, y, with non-canonical
(anomalous) results for ∂γyCαβγ and ∂
γ
y∆αβγ . (Note that Lorentz covariance is
also imposed as a renormalization condition; canonical constructions such as T ∗-
products should be avoided.)
With Cαβγ thus well defined, its x≪ y limit will also respect electromagnetic
gauge invariance. There is no problem with CK µαβ (x): it converges superficially,
so it can be extended to x = 0 without ambiguity, with current conservation
maintained for the indices α and β. However the amplitude CR
′
µγ(y) has a super-
ficial quadratic divergence. Electromagnetic gauge invariance reduces this to a
superficial logarithmic divergence,
CR
′
µγ(y) = (gµγ∂
2 − ∂µ∂γ)ΠR′(y) (32)
but does not specify the subtraction procedure which fixes the δ4(y) term in
ΠR
′
(y). The actual subtraction procedure is determined implicitly via the x≪ y
limit of Cαβγ; presumably it has a complicated αs dependence, so this information
is not very useful.
Fortunately, we do not need this information. One of the advantages of the
Adler function is that it does not depend on the subtraction procedure used to
renormalize the hadronic vacuum polarization [14]. In the leading power
DNS(−q2)R′(∞) = 12q ·
∂
∂q
∫
d4y eiq·yΠR
′
(y) (33)
the ambiguity in ΠR
′
is a constant in momentum space which is removed by the
operator q · ∂/∂q. In coordinate space, this corresponds to
− 1
2
(6 + y · ∂)CR′µγ(y) = (gµγ∂2 − ∂µ∂γ)∂λ{−12yλΠR
′
(y)} (34)
where the factor yλ eliminates any term in Π
R′(y) proportional to δ4(y).
Therefore, all ambiguities at coinciding points can be eliminated by imposing
electromagnetic gauge invariance and considering (6 + y · ∂/∂y)Cαβγ for x ≪ y.
A similar analysis can be performed at y ≪ x to obtain the singlet case. Going
to momentum space, we have
KF (α(P
2/µ2, αs))DF(α(Q
2/µ2, αs))
= 1 + β(αs)KF(P
2, αs)DF(Q
2, αs) , F = S,NS (35)
where KF and DF are power series in αs.
The final step is to set P = Q and substitute
β(αs) = β(α)(∂α/∂αs)
−1 (36)
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to obtain
KF (α)DF(α) = 1 + β(α)PF(Q2, αs) (37)
PF = KF(Q2, αs)DF(Q2, αs)(∂α/∂αs)−1 (38)
for F = S,NS. Since PF is a power series in αs and the rest of (37) depends
only on α, we have
PF = power series in α (39)
Hence equation (8) is proven to all orders in perturbation theory.
It has been observed [3] that the first two terms of PF can be removed by
using different commensurate scales Q,Q∗ for K and D:
KF(Q)DF(Q
∗) = 1 +O(α4s) (40)
It remains an open question whether this result can be extended to higher orders
or not.
Finally [4], can this work be extended to include the singlet axial-vector op-
erator and hence the leading power in the Ellis-Jaffe sum rule [18]? It seems
not. The problem is [31] that the analogue of (12) involves a leading power with
Jµ5 replaced in (11) by the gauge-dependent symmetry current of Adler [7] and
Bardeen [26].
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